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I. INTRODUCTION 

It is well known that the theory on symplectic manifolds plays an important role in clas- 
sical mechanics (see, for example, . And both Lagrangian and Hamiltonian mechan- 
ics, which describe mechanical systems with potentials, haye been already well established. 
Howeyer, there are many dynamical systems, which haye no potentials, such as general 
volume preserving systems on the symplectic manifolds. How to characterize and describe 
these systems is an important problem. In addition, the famous Liouville's theorem, which 
claims that the phase flow of a Hamiltonian system preserves the phase volume, also plays 
an important role not only in classical mechanics but also in physics. But, what about 
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those general volume preserving systems without potential on symplectic manifold? This is 
another important problem. 

Recently, the Euler-Lagrange cohomology has first been introduced and discussed in 
for classical mechanics and field theory in order to explore the relevant topics in 
the (independent variable (s)) discrete mechanics and field theory including symplectic and 
multisymplectic algorithms 0, 0, 0]. Based upon these work, we have further found that 
there is, in fact, a sequence of cohomology groups, called the Euler-Lagraiige cohomology 
groups, on the symplectic manifolds fl, Q, 3- What has been found in l3l ^ for the 
classical mechanics with potential is the first one, constructed via the Euler-Lagrange 1- 
forms. We have also found that these cohomology groups may play some important roles in 
the classical mechanics with and without potential as well as other dynamical systems on 
the symplectic manifolds, such as the volume-preserving systems and so on 

In this paper, we show that based on these Euler-Lagrange cohomology groups and rel- 
evant issues the famous Liouville's theorem in classical mechanics should be generalized 
to two sequences of theorems: the sequence of symplectic(-like) Liouville's theorems and 
the Hamiltonian(-like) sequence. For the symplectic (-like) sequence, it does not require the 
equations of motion of the specified mechanical system hold on the symplectic manifold as 
the phase space of the system. While for the Hamiltonian(-like) sequence, it does always 
require on the solutions of the corresponding mechanical system, similar to the famous Liou- 
ville's theorem requires on the phase flow of a given Hamiltonian system. In fact, the famous 
Liouville's theorem is the first one in the Hamiltonian(-like) sequence and corresponds to the 
image of the first Euler-Lagrange group. Further, the generalization of Liouville's theorem 
implies a kind of generalization of Noether's theorem. 

In order to be self-contained, we first systematically introduce the general definition 
of these Euler-Lagrange cohomology groups H^^-^\M^'',uj), with 1 ^ A; ^ n, on a 2n- 
dimensional symplectic manifold (7W^", c^;) and study their properties in some details. In 
fact, for each k ^ n, the Euler-Lagrange cohomology group H^^ ^\m.,u!) is a quotient 
group of the (2k — l)st symplectic (-like) vector fields over the {2k — l)st Hamiltonian(- 
like) ones (see the definitions in next section). Thus, these cohomology groups classify 
the vector fields on symplectic manifold. We show that, for /c = 1 and k = n, they are 
isomorphic to the corresponding de Rham cohomology groups 

respectively. Consequently, due to the Poincare duality, the first Euler-Lagrange cohomology 
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group H^l{M'^'^,uj) and the highest one H^^~^\Ai'^^ , on) are dual to each other if is 
closed. We also show that the other Euler-Lagrange cohomology groups H^-l^~^\Ai'^'^ , 00) 
for 1 < A; < n are different from either the de Rham cohomology groups or the harmonic 
cohomology groups on [Ai'^'^ , u) , in general. 

From the cohomological point of view, the ordinary Hamiltonian canonical equations 
correspond to 1-forms that represent the trivial element in the first Euler-Lagrange group 
H^l{M^^,uj). Analo gous with this fact, it is natural and significant to find the general 
volume-preserving equations on uj) from such forms that represent the trivial element 

in the highest Euler-Lagrange cohomology group uj). We have introduced this 

general kind of volume-preserving equations from this point of view. In general, there are 
no potentials for these volume-preserving systems described by the equations. Only for the 
special cases, these equations become the ordinary canonical equations in the Hamilton me- 
chanics. Therefore, the Hamilton mechanics has been generalized to the volume-preserving 



systems on symplectic manifolds via the cohomology 

In classical mechanics, for a Hamiltonian system on there is a class of phase- 

area conservation laws for its phase flow g^. Conservations of both the symplectic 2- form oo 
and the volume form r = ^ on A4 are included (see, for example, Q]): 

u = I V2-chain C M^", 



uj'' = I V2A;-chain a^'' C M^"", (1) 

2k 



cu" = / tu", V2n-chain cr^" C M^"", 

2n 



where the power of uj is in the wedge product. The last one is the famous Liouville's theorem. 
Based on the properties of the cohomological classification of the vector spaces, we generalize 
the Liouville's theorem. The original Liouville's theorem with respect to the phase flows may 
be called the Hamiltonian Liouville's theorem. It can be generalized first to the symplectic 
Liouville's theorem requiring the system to move along a symplectic flow generated by a 
symplectic vector field. Then we further generalize these two Liouville's theorems to the 
ones with respect to the {2k — l)st Euler-Lagrange group iJ^^ ^\-M., 00), 1 < k n, namely 
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the (2/;; — l)st symplectic(-like) and Hamiltonian(-like) Liouville's theorem, respectively. For 
the case of k = n, the highest Euler-Lagrange cohomology group, it gives the most general 
symplectic(-like) and Hamiltonian(-like) Liouville's theorems, respectively. 

As was just mentioned, this generalization of Liouville's theorem directly leads to a kind 
of generalization of the famous Noether's theorem for the conservation laws via symmetries. 
As far as the classical mechanical systems are concerned, all known conservation laws are 
always associated with certain symmetries and hold on the solution space of the equations 
of motion of the system. As a matter of fact, corresponding to the kernel and image of 
the {2k — l)st Euler-Lagrange cohomology group, there is {2k — l)st degree symplectic(- 
like) and Hamiltonian(-like) area conservation laws, respectively. The former requires the 
closeness condition of the Euler-Lagrange {2k — l)-forms or the vector fields being {2k — l)st 
symplectic(-like). While, the latter requires the exactness of the Euler-Lagrange {2k — 1)- 
forms or the vector fields be {2k — l)st Hamiltonian(-like). In other words, among two 
kinds of conservation laws for the area preserving of the 2/c-dimensional chain a"^^ C A4, 
the symplectic(-like) ones generalizes Noether's theorem via the Euler-Lagrange cohomology 
groups. 

This paper is arranged as follows. In section 2, we first briefly recall the definition of 
the first Euler-Lagrange cohomology group on a symplectic manifold (tW^",^;) and prove 
that it is isomorphic to the first de Rham cohomology group on the manifold. Then we 
introduce the general definition of the {2k — l)st Euler-Lagrange cohomology groups for 
1 ^ /c ^ n on {Ai^"',uj) and indicate that the highest one is equivalent to the {2n — l)st 
de Rham cohomology group. We also indicate that in general they are not isomorphic 
to each other and that they are not isomorphic to either the de Rham cohomology or 
the harmonic cohomology on {Ai'^"',uj). The relative Euler-Lagrange cohomology is also 
introduced in analog with the relative de Rham cohomology. The general volume-preserving 
equations are introduced in section 3. Their relations with ordinary canonical equations 
in the Hamilton mechanics as well as other volume-preserving systems are discussed. It is 
clear that the general volume-preserving equations are the generalization of the ordinary 
canonical equations in Hamilton Mechanics. In the section 4, based on these results, we 
generalize Liouville's theorem in mechanics to the generalized {2k — l)st symplectic (-like) 
and Hamiltonian(-like) ones, respectively. Finally, we end with some conclusion and remarks. 
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II. THE EULER-LAGRANGE COHOMOLOGY GROUPS ON SYMPLECTIC 
MANIFOLD 



A. The Hamilton Mechanics, First and Higher Euler-Lagrange Cohomology 

As is well known, the ordinary canonical equations can be expressed as 

-'Xn^ = (2) 

where Xh denotes the Hamiltonian vector field with respect to the Hamiltonian H. Intro- 
ducing what is called the Euler-Lagrange 1-form 

where X is an arbitrary vector field of degree one, the eq. indicates that is exact, 

n other words, it belongs to the image part of the (first) Euler-Lagrange cohomology group 



Hil{M,u;) := zil{M,u;)/B^l{M,u;), 
where 

Z^l{M,u) := {E^^\dE^^ = 0} = keT{d)nn\M), 



B^^l{M,uj) := {E^^\E^^ = df]} = im{d)nQ\M). 



X I ^^X 

On the other hand, the vector fields corresponding to the kernel part are (degree one) 
symplectic by definition (See, e.g., Pj). Therefore, the cohomology can also equivalently be 
defined as 

Hl}liM,uj) := XPiM,uj)/xi'\M,u;), 

due to Z^l{M,uj) = X^^\M,uj), bI}1{M,lj) = xji\M,uj), where the degree one of the 
vector fields indicates that they correspond to the Euler-Lagrange 1-forms. 
In general, for 1 ^ A; ^ n, we may define the Euler-Lagrange {2k — l)-forms 

■= -'X-'. (4) 

and define the sets of (degree 2k — 1) symplectic (-like) and Hamiltonian (-like) vector fields, 
respectively, as 

X^^''-^\M,uj) := {Xe M{M)\dE^^-^^ = 0}, (5) 
xg''~^\M,uj) := {X e X{M) I E^^-^^ is exact}. 



Here denotes the space of vector fields on Ai. It is easy to prove that 



xi^\M,uj) C . . . C X^^''~^\m,uj) C X^''^^\m,uj) C . . . C X^''^'\m,u), (6) 

In fact, the (symplectic-like) vector fields X^^'' ^\Ai,u!) is a Lie algebra under the com- 
mutation bracket of vector fields, and X^'^ ^\Ai,uj) is an ideal of A'g^^ ^\Ai,uj) because 

[xt-'\M,u),xt-'\M,co)] C xi''-'\M,co). (7) 

It is clear that, for k = n, Xg'^^^^\A4 , lu) is the Lie algebra of the (symplectic-like) volume- 
preserving vector fields, including all other Lie algebras just mentioned as its subalgebras. 
The quotient Lie algebra 

HSt'\M,u) := xt^'\M,uj)/xi"'-'\M,uj) (8) 

is called the {2k — l)st Euler- Lagrange cohomology group. It is called and treated as a group 
because it is an Abelian Lie algebra. 

On the other hand, for each k [1 ^ k ^ n), the Euler-Lagrange (2A;-l)-forms as 
well as the kernel and image spaces of them with respect to d may be introduced: 

E^^^'\M) := -ixiuj''), XeX{M,uj); (9) 
Z^t'\M,iu) := dE^^-'^ = 0}; (10) 

B§t'\M,u) := {E^^^-'^l is exact}. (11) 

The {2k — l)st Euler-Lagrange cohomology group may also be equivalently defined as 

H^t'\M,u) := zSt'\M,u;)/BSt'\M,u;). (12) 

The equivalence between (jH)) and p2p is a corollary of the following lemma: 

Lemma 1. Let x & Ai be an arbitrary point and X G T^AI. Then, for each 1 ^ k ^ n, 
ij^[uj^) = if and only if X = 0. 



7 



B. The Spaces {M,io) and Highest Euler-Lagrange Cohomology 

In order to investigate the properties of the Euler-Lagrange cohomology groups, it is 
needed to introduce some operators first. 

For a point x & Ai, the symplectic form u can be locally expressed as the well-known 
formula u = dpj Adg* in the Darboux coordinates {q,p)- Then let us introduce a well defined 
linear map on A*{Ai): 

f '■= i_a^i_d_. (13) 

Note that / = when acting on A^(T*Ai) or A^(T*Ai). And a map / can be defined on 
the exterior bundle A*(A^). Further, a linear homomorphism, denoted also by /, can be 
obtained on the space of differential forms. Especially, we have the identity 

fu = n. (14) 

Another two operators 

e:Al{M) — >Al{M), a I — >ea = aAuj (15) 

and 

h:A\T*M) — >A''{T*M), a^ha = {k-n)a (16) 
can also be defined at each x & M.. 

Lemma 2. The operators e, f and h on A*.(A^) satisfy 

[h, e] = 2 e, [h, f] = -2 /, [e, f] = k E M. (17) 



Proof. These relations can be verified directly. Here is a trickier proof. 
First we define some "fermionic" operators on A*(7W) 

ipi := i_a_, ip^ := i a . 

dqi dpi (Ig) 

Xi '■ 01 I — > dpi A a, '■ Oi I — > dg* A a. 

For these operators, it is easy to verify that the non-vanishing anti-commutators are 

{4^^,^} = 5i, {^lj\x,} = 5]. (19) 



Given an integer ^ ^ 2n, we can check that, for any a G A^(T^AI), (xj = ka. 

Therefore, 

/^ = X.# + X>i-n. (20) 

According to the definitions, 

e = X^x\ f = ^^^'. (21) 

Then the relations in eqs. p7|) can be obtained when e, / and h are viewed as bosonic 
operators. □ 

For a point x & Ai the following formulas can be derived recursively: 

[e^ /] = k e^-\h + A; - 1), [e, f ] = A; f -^(/i - A; + 1), (22) 

where A; is an arbitrary positive integer. Then there is the lemma: 

Lemma 3. Let a he a 2-form. If e^a = for some k < n — 1, then a = 0. 

Proof. Applying both sides of the first equation in (j221) on a, we have 

e'^fa = k{k-n + l) e^^^a. (23) 

Since fa is a number at each point, the left hand side is (fa) uj^- Applying e on both sides, 
we get 

Cfa) uj^+^ = k{k-n + l) e^a = 0. 
Since A; + 1 < n, we have fa = 0. Now the identity ()23p becomes 

A; (A; - n + 1) e'^-^a = 0. 

Since A; < n — 1, we obtain e^~^a = 0. Therefore, the value of k can be reduced by 1, and 
further it can be eventually reduced to 0. □ 

The above lemma implies that the map sending a G A'^{T*M) to aAo;""^ G A^"~^(T^*A<) 
is an isomorphism. 

We have indicated in previous subsection that uj) = X^^\Ai,uj) C A'g^*' ^\Ai,u}) 

for each possible k. The following theorem tells us much more. 
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Theorem 1. Let {Ai,uj) be a 2n- dimensional symplectic manifold with n ^ 2. Then, for 
each k G {1,2, . . . ,n — 1}, 

X^'"'-^\M,uj) = Xs{M,u;). (24) 

Proof. We need only to prove that X^^'^~^\M , uj) C Xs{M., uj) for each /c G {1, 2, . . . , n — 1}. 
In fact, for any X G X^^'^~^\M,uj), 

Cx{^^) = k (Cx^) A uj''-^ = 0. 

Since O^k — l^n — 2 while jC^^ is a 2-form, we can use Lemma El pointwisely. This 
yields Cx^^ = 0. Thus, X G Xs{M,uj). This proves X^^''~^\M , u) C Xs{M,uj) when 
l^k^n-1. □ 

Corollary 1.1. For each k < n, [X^^^~^\m , oo) , X^'^'"'^\M , oo)] C Xu{M,uj). 

As was implied by Lemma ^ the map — > X i — > ixi^"') is a linear 

isomorphism. From £j^(c<j") = dzj^(u;"), it follows that X^'^^~^\Ai , on) is isomorphic to 
the space of closed {2n — l)-forms. Lemma ^ also implies that X^"'~^\Ai,uj) 
is isomorphic to B^'^"'~^\Ai), the space of exact (2n — l)-forms. These can be summarized 
as in the following theorem: 

Theorem 2. The linear map fin '■ X{Ai) — > Q'^^'''^ (Ai) , X i — > is an isomorphism. 

Under this isomorphism, A'g^" ^\Ai,uj) and ^\Ai,uj) are isomorphic to Z'^^"~^''(7V4) 

and B^'^"'~^\Ai) , respectively. 

Corollary 2.1. The {2n — l)st Euler-Lagrange cohomology group H^^~^\Ai,uj) is linearly 
isomorphic to H^~^\Ai) , the {2n — l)st de Rham cohomology group. 

When Ai is closed, H^-^~^\M.,uj) is linearly isomorphic to the dual space of Hl^l{Ai,uj), 
because H^{Ai) = {H^~''\M.))* for such kind of manifolds. If Ai is not compact, this 
relation cannot be assured. 

C. The Other Euler-Lagrange Cohomology Groups 

Although the first and the last Euler-Lagrange cohomology groups can be identified with 
the corresponding de Rham cohomology groups, respectively, it is still valuable to know 
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whether the other Euler-Lagrange cohomology groups are nontrivial and different from cor- 
responding de Rham cohomology groups in general. 

In this subsection we will enumerate some examples and properties relative to this prob- 
lem. We shall point out that, for the torus T^" with the standard symplectic structure uj 
and n ^ 3, 

uj) is not isomorphic to ^)fj^2n^ whenever 1 < A; < n (see, 

Corollarv l3.1|) . In addition, we shall prove that there is a 6-dimensional symplectic manifold 
{Ai^,uj) for which the Euler-Lagrange cohomology group H^-l(Ai^,uj) is not isomorphic to 
hI^I(A4,lu) (see. Theorem Therefore, these indicate that the Euler-Lagrange cohomol- 
ogy groups other than the first and the last ones are some new features of certain given 
symplectic manifolds. 

Let La be the homomorphism defined by the cup product with a cohomology class [a], 
where a is a representative. From the definition, there is an injective homomorphism of 
vector spaces, 

for each /c G {1, 2, . . . , n} such that the following diagram is commutative: 



(25) 



In fact, for an equivalence class [X](2fc_i) G H^-l^^^\M.,iu) (1 ^ k ^ n) with X G 
,uj) an arbitrary representative, —^^x^^''^ ^ closed {2k — l)-form. Thus 
the de Rham cohomology class of this form can be defined to be TT2k-ii[X](^2k-i)) ■ It is easy 
to verify that this definition is well defined: vr2fc-i([^](2fc-i)) does not depend on the choice 
of the representative X in [X](2fc_i). As for the horizontal maps in the first row of the 
above diagram, they are induced by the identity map on X^^'"^\m,uj) = Xi{M,uj) where 
k G {1, 2, . . . , n — 1}. For example, if [X](2A:-i) is an equivalence class in H^^~^\Ai,uj) 
(/c = 1, 2, . . . , n — 1, n > 1) where X G X^^''^^\Ai,uj) is an arbitrary representative, then 
[X](2fc_i) is mapped to be an equivalence class [X]2fc+i in H^-I^~^^\A4 , u) . It is also easy to 
check that this is a well defined homomorphism. 

Since tti is an isomorphism and the horizontal homomorphisms in the first row are all 
onto, it follows that 
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Theorem 3. For 2 ^ k ^ n — 1, 'K2k~i is onto if and only if L^~^ = L^k-i from Hj^{Ai) 
to Hj^~^\M.) is onto, and L^k-i : H^{M.) — > Hj^~^\M.) is injective if and only if the 
homomorphism from H^^{Ai,uj) to H^^~^\Ai,uj) is injective. 

Corollary 3.1. For n ^ 3, let M. he the torus T^" with the standard symplectic structure 
u. Then, forl<k<n, H^^^~^\M,u) H^^~^\M). 

Proof. As is well known, the de Rham cohomology groups of T^" satisfy 



In 
k 



for each ^ ^ 2n. Therefore, we have dimif^^^'^ ^)(^2n^ ^ 277, for each \ < k < n. 
On the other hand, due to the fact that the maps in the first row of the diagram are 
surjective, we have dimifg^~"'^^(T^", cj) ^ 2n for each 1 < A; < n. So, dim iJj^^~^''(T^'^) > 

Further, we will show that there are some symplectic manifolds for which ^ H^^ . 

Recall that on an n-dimensional Lie group G there exists a basis that consists of n left- 
invariant vector fields Xi, X„. They form the Lie algebra g of G. Let [Xi,Xj] = 
—cfj Xk with the structural constants c^j of Q. Let {6*^'} be the left-invariant dual basis. 
Then they satisfy the equation 



1 



de" = - c'^^ 6' A e\ k=l,...,n. (26) 
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G is called a nilpotent Lie group if g is nilpotent. A nilmanifold is defined to be a closed 
manifold M of the form G/T where G is a simply connected nilpotent group and F is a 
discrete subgroup of G. It is well known that F determines G and is determined by G 
uniquely up to isomorphisms (provided that F exists) jlfll . Ill| . 

There are three important facts for the compact nilmanifolds 12| |: 



1. Let be a nilpotent Lie algebra with structural constants c^j with respect to some 
basis, and let {6^, . . . ,^"} be the dual basis of g*. Then in the Chevalley-Eilenberg 
complex (A*g*, d) we have 



de>' = ^ cljO' k=l,...,n. (27) 

i$t<j<fc 
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2. 



Let g be the Lie algebra of a simply connected nilpotent Lie group G. Then, by 
Malcev's theorem [lO|, G admits a lattice if and only if g admits a basis such that all 
the structural constants are rational. 



3. By Nomizu's theorem, the Chevalley-Eilenberg complex (A*g*,d) of g is quasi- 
isomorphic to the de Rham complex of G/T. In particular, 

H*{G/T) = H*{K*Q\d) (28) 

and any cohomology class [a] G H^{G/T) contains a homogeneous representative a. 
Here we call the form a homogeneous if the pullback of a to G is left-invariant. 

These results allow us to compute cohomology invariants of nilmanifolds in terms of the 
Lie algebra g, and this simplifies the calculations. 

Theorem 4. There exists a Q- dimensional symplectic nilmanifold {M.^^uj) such that 



Proof. To define the manifold Ai, it suffices to give the Lie algebra, g is a 6-dimensional 
Lie algebra generated by the generators Xi, . . . , Xq with Lie bracket given by 

[x,,x,] = - J2 4^^- 

l^i<j<k 

This Lie algebra gives a unique nilmanifold Ai by the above information on nilmanifolds. 
The Chevalley-Eilenberg complex (A*g*,d) of g, which is used to calculate the de Rham 
cohomology of A^, is as in the following. 

Let A = A* {6^, ... ,6^) he generated by the 1-forms 6'*, 1 ^ i ^ 6. Their differentials are 
given by the following formulas: 

de^ = 0, de^ = 0, 

de^ = 0, d^^ = e^A 

de^ = e^ AO^-e^A e\ de^ = e^ ao^ + o^ a e\ 

Furthermore, the symplectic form on is induced hy F = 9^ A9^ + 9"^ AO'^ + 9^ A9^ & A. 
u; is a symplectic form since F A F A F is nontrivial by an easy calculation. 
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It is not difficult to show 

H^liM) =M:' = spe^n{[9'],[9%[9']} 

and 

H^^{M) =R^ = span{[e^ A 6% [6^ A 6% [6^ A 6% [F]}. 

To prove the theorem, it is sufficient to prove that u A 6^ is cohomologically trivial, 
according to Theorem El This follows the equation 

F AO^ = 0^ AO^ Ae^ + AO^ Ae^ = d{e^ AO^ + e^ a e^), 

which can be checked easily and thus completes the proof. □ 

D. The Euler-Lagrange Cohomology and the Harmonic Cohomology 

On a given symplectic manifold {Ai,uj), there also exists the harmonic cohomology in 
addition to the de Rham cohomology. In this subsection we explore the relation between 
the Euler-Lagrange cohomology and the harmonic cohomology on {Ai,uj), and show that 
they are different from each other in general. 

Given a smooth symplectic manifold (7W,a;), let the *-operator 

be introduced j3| in analog with the ^-operator on a Riemannian manifold. Define 

S : n\M) n''-\M), 5ia) = i-lf^' * d * a. 



It turns out to be that 5 = [^(11), d] [l^llJ], where z(n) is, in fact, the operator / introduced 
in subsection III Bl 
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Remark 1: The operator 5 = — * d* was also considered by Libermann (see 

n II 

Koszul [16[ introduced the operator 6 = [d, i(Jl)] for Poisson manifolds. Brylinski [1J| 
proved that these operators coincide with each other. 

Definition: A form a on a symplectic manifold (7W,ci;) is called symplectically 
harmonic if da = = 6a. 
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We denote by ^^^.(M) the linear space of symplectically harmonic /c-forms. Unhke the 
Hodge th eory , there are non-zero exact symplectically harmonic forms. Now, following 



Brylinski 1J|, we define symplectically harmonic cohomology H^^{Ai,uj) by setting 

Ht{M,u;) := nt{M)/{im{d)nQt{M)). 

Therefore, H^^{M,uj) C H^^{M). 

We would like to know if the symplectically harmonic cohomology and the Euler-Lagrange 
cohomology are isomorphic to each other. The following result answers no to this question. 

Theorem 5. Let M. he the 2n- dimensional torus T^" with standard symplectic structure. 
Then H^^ ^\Ai,uj) and H^^^^ ^\M..,uj) are not the same for 1 < k < n. 

This is because in this case the symplectically harmonic cohomology are the same as the 
de Rham cohomology and now the result follows from Corollary 13.11 

E. The Relative Euler-Lagrange Cohomology 

Let us now propose a definition of relative Euler-Lagrange cohomology. That is the 
combination of the above definition of Euler-Lagrange cohomology and the usual definition 
of relative de Rham cohomology. 

Let be a symplectic 2r2-manifold and i : A/" — > M. be an embedded submanifold. 
Recall that the usual relative de Rham forms are defined by 

where VL^~^{N') is the group of {k — l)-forms on M . The differential on VL*{i) is given by 

d(ei,^2) = (dei,^*^i-d^2). (29) 

Definition: Define 

where , to) = {i^{uj'^) \X G The relative Euler-Lagrange cohomology 

will be defined as 
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Let us consider an example for the relative Euler-Lagrange cohomology. Let = M^", 
TV = T" and i : T" — ^ M^" be the inclusion. 

Proposition 1. H§^-'\{} = H^^-^\T''). 

Proof. There is the obvious linear map ^^'^"^(T") — > ^^^"^(O given by 6 i — > (0, 6) . When 
6 = da e ri2^^2(r2") is exact, (0,6^) = d(0, -a) G fi|L~^(^) is also exact. Therefore a linear 
map / : if^Jf ^'^(T^") ^ H§^^'\i), [9] ^ [{0,9)] can be induced. 

This map / is an injection. In fact, if (0, 9) = d(ai, 0^2), then dai = 0, 9 = i*{ai) — da2- 
Thus 9 is exact by the fact that any closed form ai on M^" is exact. 

The map / is also an epimorphism: For any closed (6*1, 6*2), it is in the same cohomology 
class of the element (0, 6^2 — +da2) = (^i? (^2) — d{ai, 02), where 9i = dai and 02 is any 
form on T". Obviously, 612 - + da2 is closed and /([6'2 - z*(ai) + da2]) = [{9i,92)]. □ 

Remark 2: Although it is not verified yet, the following statement, if true, will not be 
a surprise : There exists a symplectic manifold Ai and its submanifold i : A/" — > Ai for 
which the (relative) Euler-Lagrange cohomology is not the corresponding (relative) de Rham 
cohomology. 

Remark 3: For the definition of H^^~^\i,uj), it is also possible to require that (^'1,^2) 
belong to fi^''~^(z) = Q'^^~'^{M) © Q'^''~'^{A') rather than ^"^^^{1,00). The remaining expla- 
nations are similar in principle. 

III. THE HIGHEST EULER-LAGRANGE COHOMOLOGY AND VOLUME- 
PRESERVING SYSTEMS 

Let us focus on the issues relevant to the volume-preserving systems. 

First, it can be easily proved that, for each k = 1, ... ,n — 2 and each point x G Ai, 
a 2-form G A2(T^A4) satisfies A cj^ = iff = 0. As a consequence, a smooth 
2-form, a G Q'^{Ai) satisfies a;Aa;*^ = OiffQ; = everywhere. In other words, the linear 
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maps 



a I — > a A u;^', 1 ^ A; ^ n - 2 



are injective. Thus we can obtain that 



(3), 



(2n-l) , 



Especially, when k = n — 2, the linear map 



i = Ln-2 : ^\M) > n'^'-'iM) 

a I — > a A u;""^ 



(30) 



is an isomorphism. If n = 2, we use the convention that = 1, namely, l = id : a i — > a. 
Then we can define a linear map (p making the following diagram commutative: 



(31) 



where z/„ the linear isomorphism sending a vector field X to a (2n — l)-form 



It should be mentioned that, equivalently, given a 2- form 

a = \ Qij dq' A dq^ + A} dpi A dg^' + ^ P*^' dp^ A dpj 



where Qij and P*-' satisfy 



the vector field 



Qji Qij ) P'' P \ 



[a] = {u~^ o do i){a) = u~^{da A tu"^^) 



is in A'i'"-')(A<,a;). 

For convenience, we set 



X = n{n- 1) 0(a) = n(n - 1) z/-^(da A cj"~^). 



(32) 



(33) 
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namely, i^{uj"') = —n{n — 1) (da) A c<j" ^. It is easy to obtain that 

+ + A. (34) 

\ dq^ dpi dpj J dq'' \ dpj dq^ dq^ J dpi 

In fact, it can be easily obtained that 



dtfa) = da A u; 



n-2 



2 dpi dq^ 



By virtue of the following two equations 



Api A dp. A dg^ A = — ^— dpi A uj''~^ dp, A 

n — 1 n — 1 

dpi A dg^' A dg'^ A cj"-2 = -^dq^^uJ"-^ ^ dg^' A cj"-\ 

n — 1 n — 1 

we can write di(a) as the inner product of certain a vector with a;". Comparing it with 

n[n — 1) n[n — 1) 

we can obtain the expression of X, as shown in eq. (|34j) . 

Since both l and z/„ are linear isomorphisms, we can see from the commutative diagram 
(|^T|) that, for each 2-form a on as in eq. ()32p . the vector field X in eq. (jH^ belongs to 
^\M.,uj)] Also, for each X G X^^^ ^) there exists the 2-form a on M. satisfying 

eq. fl34|) . But there may be several 2-forms that are mapped to the same vector field X. For 
example, the vector field X in fj34|) is invariant under the transformation 

a I — >a + e (36) 

where 6* is a closed 2-form. 

Note that for the vector field X e X^''~^\M,uj), the 2-form a is a globally defined. If 
X G X^^"'~^\Ai,uj), such a 2-form cannot globally be given if H^~^\Ai) is nontrivial. In 
this case, a can be still found as a locally defined 2-form. Then the relation between X and 
the locally defined 2-form a, eq. (jMl), is valid only on an open subset of Ai. 



18 



It is clear that no matter whether X belongs to ^\M.,uo) or A'f" ^\M,uj), i.e., 

whether the 2-form a is globally or locally defined, the fiow of X can be always obtained 
provided that the general solution of the following equations can be obtained: 

dP'^ dM dA\ 

Q = -TT— + 



dq^ dpi dp 
dQi, OA] dA\ 



dp, dq' + dq^ • ^^^^ 

This is just the general form of the equations of a volume-preserving mechanical system on 
a symplectic manifold {J^,uj). 

It should be pointed out that as volume-preserving systems the ordinary Hamiltonian 
systems are included. There should be a 2-form for the Hamiltonian system, in fact, one 
of such a 2-form can be selected as 

a = ^—Huj. (38) 

n — 1 

Substituting this 2-form into eqs. (pTTj) . they turn to be the ordinary canonical equations 
with H as the Hamiltonian. 

Let us now consider the non-Hamiltonian linear system without potential: 

r = -k^Jq' (39) 

on M" with constant coefficients kij if kij ^ kji. 

It is obvious that eqs. (jH^ can be turned into the form: 

with 

H = ^5'^PiPj + ^Sijq'q\ 

Sij — {kij -\- kji)^ dij — {kij kji). (41) 

When one of a^j is nonzero, the system ()4()j) is just a non-Hamiltonian system with non- 
potential force on M^". In fact, the corresponding vector field 

. d 

X = Xh - q^ — 

OPi 
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of ()4m) is not even a symplectic vector field since the Lie derivative with respect to this 
vector field does not preserve the symplectic form. However, the linear system pn)) always 
preserves the volume form of the phase space because C^{uj'^') = 0. 
If we take 

then the general equations ()37p turn into eqs. ()40|) . Therefore the 2-form a in eq. ()42|) is the 
general 2-form corresponding to a linear system without potential. 

It should be mentioned that even a conservative system can be transformed to be a non- 
Hamiltonian linear system. For example, two 1-dimensional linearly coupled oscillators may 
construct such a system: 

niiq^ = —k {q^ — q^), m2 q^ = —k {q^ — q^). 

Obviously, such a system satisfies Newton's laws. But, it is not a Hamiltonian system if 
mi 7^ Let ku = —k/rrii, ku = k/mi, k2i = k/m2 and k22 = —k/m2. Then it is a 
system as described by eqs. (jH^ . When mi 7^ m2, we have a system satisfying ku 7^ ^21- 

IV. LIOUVILLE'S THEOREM AND ITS GENERALIZATIONS 
A. H^j^j^{M.) and Symplectic Liouville's Theorem 

It is well known that for a given differentiable vector field X on Ai, the corresponding 
flow is defined by the 1-parameter transformation group on {J^,uj) 

ip^ : M ^ M, p\-^ q = Lp\p), 
ifii-.TM^TM, X,^Xg = ifiXp 

such that ipt{p) is the integral curve of X from p E Ai. The 1-parameter transformation 
group {v^*} G Diff{Ai) is called the flow with respect to X. 

The phase flow is defined by the 1-parameter transformation group on {Ai,uj) 

9' : fe(0), q'm ^ q'{t)), Vt E [0, 1], 

where Pi(t),q^(t) are solutions of canonical equations. Namely, X G Xh{A4,uj), e 
DtfhiM). 
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The famous Liouville's theorem states|l|: The phase flow preserves volume. Namely, 
for any region D G M., 

volume of g^D=volume of D. 

In order to distinguish with its generalizations via the Euler-Lagrange cohomology groups, 
we call it the Hamiltonian Liouville's theorem, which is corresponding to the image of 
the flrst Euler-Lagrange cohomology group. 

However, it is also well known that the symplectic flow generated by a symplectic vector 
fleld preserves the volume as well P| and the symplectic vector fleld is in the kernel of the flrst 
Euler-Lagrange cohomology group h'^^\{M. , uo) . Eventually, the 1-parameter transformation 
group on {Jvl^oj), {/*} G Dif fs{A4,uj), is called a symplectic flow. If 

fi:X^Xt:=flX, X,=o = ^, t G [0, 1] (43) 

where Xt G Xg^ {}A,uj),\lt G [0, 1], i.e. they are symplectic vectors. Thus, we may generalize 
famous Liouville's theorem to its symplectic counterpart. 

Theorem 6 (Symplectic Liouville's Theorem). The symplectic flow preserves volume. 
Namely, for any region D G A4, 

volume of f^D=volume of D. 

This states that the necessary and sufficient condition for the conservation law of volume 
of -D C r under symplectic flow /* is the Euler-Lagrange 1-form on D is closed. 
It is easy to prove this theorem. Since 

vit) ■= ! r, D{t) = fD{0), 

JD(t) 

where r = —,uj^ is the volume element. Since 

[ r = [ r = [ f^*r, 

JD{t) Jf*D(0) Jd{0) 

and for the symplectic map /*, by deflnition we have f^*u! = uj. This leads to /**r = r, from 
which it immediately follows what we want to get: v{t) = f (0) : J^j-^-j r = /^(-q^ t. Thus, 
the proof is completed. 
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B. H^EL ^\-^^^) ^J^d Generalized Liouville's Theorem 

Let us now consider how to generalize the couple of the symplectic and Hamiltonian 
Liouville's theorems further. 

As was noted, the symplectic and Hamiltonian vector fields generating the symplec- 
tic and phase flows correspond to the kernel and image of the first Euler-Lagrange co- 
homology, respectively. Therefore, it is reasonable to generalize these theorems accord- 
ing to the higher Euler-Lagrange cohomology groups H^^I~^\M,uj)A < k ^ n. For 
the kernel and image of each of them, there should be a couple of the {2k — l)-degree 
symplectic (-like) and Hamiltonian(-like) Liouville's theorems, which claim that the (2k — 1)- 
degree symplectic (-like) and Hamiltonian (-like) flows, Z^^'" and /^^'^ generated by the 
{2k — l)-degree symplectic (-like) and Hamiltonian (-like) vector fields, A'g^'^"'^^ and 
preserve the volume, respectively. For the highest one, the {2n — l)st Euler-Lagrange co- 
homology group H^^2 ^'*(-^;'^)) ifs kernel and image characterize directly the symplectic(- 
like) and Hamiltonian (-like) volume-preserving vector fields, respectively. Consequently, the 
Hamiltonian(-like) volume-preserving Liouville's theorem holds only if the general equations 
of volume-preserving being satisfied, while the symplectic (-like) volume-preserving Liou- 
ville's theorem holds if and only if the flows /s^""^"* are generated by the symplectic (-like) 
volume-preserving vector fields A'g^" and the general equations of volume-preserving being 
only locally satisfied if this cohomology group is not trivial. 

For a given k, 1 ^ k < n, let us first consider a symplectic (-like) vector field X G 
A'g^^ ^\Ai,uj). Assume that its flow is /^^''^ ■ As stated previously, X is a symplectic 
vector field, in fact. Therefore we have Cj^uj = 0, jC^uj^ = 0, . . . , ^x^" ~ ^- 
definition of the Lie derivatives, we have 

{fs )^ = ^, {fs =uj, ...,(/s ')uj =uj (44) 

for each possible parameter t. For a Hamiltonian (-like) vector field X G X^''~^\A4.,uj), it 
is almost the same except the flow f'§^'^~^^ should be replaced by /^^'^~^''. 

Now consider a 2/-dimensional orientable submanifold i : a"^^ ^ M. where 1 < 2/ ^ 2n. It 
is possible that i*uj^ = 0. For example, when 21 ^ n and o"^' lies in a Lagrangian submanifold, 
the 2/- form i*uj^ is zero. When it is nonzero, y, i*uj^ can be treated as a volume form on a^'. 
In this case the volume of the submanifold is jj j^2i ■ Let /^^^'^ ^''(o"^'), L = S,H, be the 
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image of cr^' mapped by the corresponding flow /^*"^^ ^\ respectively. Then we have 



That is, the volume of the submanifold o"^' will be preserved when it is sent to another one 
along the flow f^s^H~^^ ^ symplectic or Hamiltonian(-like) vector filed, respectively. 

However, for a symplectic (-like), including the Hamiltonian(-like), volume-preserving vec- 
tor field X e X^^'"^\M,u),x'i''~^\M,uj), the forms cj, u;^, . . . , u;" ^ are not necessarily 
preserved. In this case we can consider only a region D C Ai. It can be similarly discussed 
that 

- [ = W L = S,H. (46) 

In conclusion, the sequence of area preserving laws in classical mechanics should also 
be generalized to a couple of sequences of the area preserving laws according to 

the Euler-Lagrange cohomological groups. Thus, we have 

Theorem 7 (Generalized Liouville's Theorem). Given a vector field Xl G 
, uj) , {L = S,H) on {Ai,uj), its flow fi'^''~^\ {L = S,H), preserves the volume. 
Namely, for any region D G J^, 

volume of f^^"^^"^^ D =volume of D, L = S,H. 

As was mentioned, for the Hamiltonian(-like) sequence (L = H) of the conservation laws, 
the corresponding equations of motion hold. Namely, this sequence of conservation laws 
are "on shell". For the symplectic (-like) sequence {L = S) of these conservation laws with 
k < n, the relevant Hamiltonian in the equations of motion are defined locally if the Euler- 
Lagrange cohomology group Hl^^{Ai,uj) is not trivial. For the symplectic(-like) volume 
systems {L = S and k = n), there will be no Hamiltonians (even defined locally). Instead, 
they are described by some 2-forms defined patch by patch provided that H^^ ^\Ai,u) is 
nontrivial. 

It should be mentioned that this also generalizes the famous Noether's theorem in classi- 
cal mechanics. For a given Hamiltonian system with symmetries, Noether's theorem always 
relates all conservation laws with equations of motion of the system since the action is in- 
variant under the symmetries. For the symplictic(-like) Liouville's theorems, however, they 
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relate the corresponding simplicity conservation laws directly with the kernel of the rele- 
vant Euler-Lagrange cohomology rather than equations of motion of the original mechanical 
systems. 



V. CONCLUDING REMARKS 

In this paper, we have introduced the definition of the Euler-Lagrange cohomology groups 
H^^ ^\M.., u), 1 ^ k n, on symplectic manifolds (Al^", a;) and studied their relations with 
other cohomologies as well as some 

l,n, Hl^l{Ai,uj) and H^^ ^\Ai,uj) are isomorphic to the de Rham cohomology Hj^{Ai) 
and respectively. On the other hand, generally H^-I^~^\A4 , uj) , 1 < A; < n, is 

isomorphic neither to the de Rham cohomology Hj^~^\A4) nor to the harmonic cohomology 
on (A^^", uj). And they are also different from each other in general. To our knowledge, these 
Euler-Lagrange cohomology groups on (Al^", c^;) have not yet been introduced systematically 
before. It is significant to know whether there are some more important roles played by these 
cohomology groups to the symplectic manifolds. 

The ordinary canonical equations in Hamilton mechanics correspond to 1-forms that rep- 
resent trivial element in the first Euler-Lagrange cohomology H^^{Ai, 00) on the phase space. 
Analog to this property, the general volume-preserving Hamiltonian equations on phase 
space are presented, from the cohomological point of view, in terms of forms which rep- 
resent the trivial element in the highest Euler-Lagrange cohomology group H^-^~'^\A4,uj). 
And the ordinary canonical equations in Hamilton mechanics become their special cases. 
It is of course interesting to see what about the representatives in the trivial elements of 
other Euler-Lagrange cohomology groups and whether they also lead to some meaningful 
dynamical equations. These problems are under investigation. 

We have also introduced the conception of relative Euler-Lagrange cohomology. It is of 
course interesting to see its applications in mechanics and physics. 

The first Euler-Lagrange cohomology group has been introduced in order to consider 
its time-discrete version in the study on the discrete mechanics including the symplectic 
algorithm 0, 0] . Although the first Euler-Lagrange cohomology is isomorphic to the first 
de Rham cohomology, its time discrete version is still intriguing and plays an important role 
in the symplectic algorithm. In addition, it has also been introduced in the field theory and 
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their discrete versions of independent variables. The latter is closely related to the multi- 
symplectic algorithm . It is of course significant to introduce the higher Euler-Lagrange 
cohomology groups in these fields and to explore their applications. Furthermore, since the 
general volume-preserving equations have been introduced on symplectic manifold from the 
cohomological point of view, it is meaningful to investigate their time-discrete version and 
study its relation with the volume-preserving algorithm. 

Based on the Euler-Lagrange cohomology groups and Hamiltonian(-like) volume- 
preserving equations on symplectic manifold {Ai,uj), we have generalized famous Liouville's 
theorem in classical mechanics. It has been first generalized to the symplectic flows gen- 
erated by the symplectic vector fields, the kernel of the first Euler-Lagrange cohomology 
group, i.e. to symplectic Liouville's theorem. Then, we have further generalized the sym- 
plectic and Hamiltonian Liouville's theorems to the higher ones corresponding to the kernel 
and image of each higher Euler-Lagrange cohomology group H^-l^~^\Ai) 1 < k ^ n on 
{Ai,uj), respectively, i.e. the symplectic (-like) and Hamiltonian (-like) Liouville's theorems. 

In all these Liouville's theorems, the symplectic(-like) (for 1 ^ k ^ n) and the 
Hamiltonian(-like) (for 1 < k ^ n) ones have offered a kind of generalizations of the fa- 
mous Noether's theorem, which does not require the systems to possess actions necessarily 
in ordinary sense. In other words, the conservation laws may hold with respect to the 
relevant cohomology and for the classical systems with non-potential forces. 

It should be mentioned that this kind of generalization of Noether's theorem may also 
work for other cohomology groups of the symmetries of the systems on the relevant manifolds. 
We will explore these aspects in detail elsewhere. 

Finally, it should also be pointed out that these Liouville's theorems should play impor- 
tant roles not only in classical and continuous mechanics, field theories but also especially 
in statistical physics. In fact, the statistical Liouville's theorem, based on Liouville's theo- 
rem in mechanics, is one of the fundamental principles in statistical physics. According to 
our results, however, the generalized Liouville's theorems should offer a way to generalize 
Liouville's theorem in statistical physics. We should also leave this issue for the forthcoming 
publication. 
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